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HOMOGENEOUS OPEN QUANTUM WALKS ON THE LINE: CRITERIA FOR
SITE RECURRENCE AND ABSORPTION
T. S. JACQ AND C. F. LARDIZABAL
Abstract. In this work, we study open quantum random walks, as described by S. Attal et al.[1]. These
objects are given in terms of completely positive maps acting on trace-class operators, leading to one of
the simplest open quantum versions of the recurrence problem for classical, discrete-time random walks.
This work focuses on obtaining criteria for site recurrence of nearest-neighbor, homogeneous walks on the
integer line, with the description presented here making use of recent results of the theory of open walks,
most particularly regarding reducibility properties of the operators involved. This allows us to obtain a
complete criterion for site recurrence in the case for which the internal degree of freedom of each site (coin
space) is of dimension 2. We also present the analogous result for irreducible walks with an internal degree
of arbitrary finite dimension and the absorption problem for walks on the semi-infinite line.
1. Introduction
One of the most basic results in the classical theory of Markov chains regards the discrete-time random
walk on the integer line for which a particle moves left with probability p, and moves right with probability
1 − p [9, 10]. In this setting, we have the recurrence problem: the probability of eventually returning to
the origin equals 1 if, and only if, the coin is fair, that is, if p = 1/2. The focus of this work is on the
study of the recurrence problem in an open quantum setting: if a quantum particle is located on a certain
position i of the line with an internal degree of freedom described by a finite dimensional density matrix
ρi, then we define one step of a nearest-neighbor walk as
(1.1) ρi ⊗ ∣i⟩⟨i∣ ↦ LρiL∗ ⊗ ∣i − 1⟩⟨i − 1∣ +RρiR∗ ⊗ ∣i + 1⟩⟨i + 1∣, i ∈ Z,
where L and R are the transition matrices, regarded as the sides of a quantum coin, satisfying the
trace-preservation condition
(1.2) L∗L +R∗R = I.
We say that the walk in (1.1) is homogeneous, meaning that we have the same coin (L,R) on every
site, and the statistical meaning of the computation above is that the particle moves left with probability
Tr(LρiL∗) and moves right with probability Tr(RρiR∗). If we extend this procedure by linearity we
obtain an open quantum random walk (OQW) on the integer line [1, 2], see [14] for a recent survey.
We have, implicit in such definition, a quantum trajectories formalism associated with a measurement of
the position of the walk at every step. After the measurement, we normalize the result and repeat the
process, making clear that we have a quantum evolution which is not unitary in general.
The authors of [1] have formally defined OQWs and also stated a question on recurrence, which can
be phrased as: given an OQW acting on some graph, how can we determine if a site is recurrent by
looking at the transition matrices? At this point, one immediately needs to provide a proper definition
of quantum recurrence and note that, in principle, more than one is available, see [4, 11] for more on
this. Generally speaking, recurrence problems are topics of interest in both open and closed (unitary)
quantum dynamics and we seek a basic understanding of this kind of problem having in mind applications
to quantum information and computation.
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A site recurrence criterion for homogeneous OQWs on the line was established in the restricted case of
coins given by order 2 diagonal or anti-diagonal matrices [13], and later a condition is obtained in the case
that L and R are normal matrices, see [4, 7]. In addition, the authors of [4] provide a systematic study of
first passage times of general OQWs, discussing in particular the irreducible case, giving further insight
into the recurrence problem. More recently, in [11], a discussion on quantum Markov chains (QMCs) and
associated subspace recurrence problems is presented, methods for determining site recurrence in terms
of Schur functions are developed and, as OQWs are particular cases of QMCs, one obtains an useful
understanding of the problem at hand from an analytic perspective.
Although the works mentioned above present a detailed study of the dynamics and statistics of OQWs,
we believe one still misses, regarding homogeneous walks on the integers, a straightforward recurrence
test, one which is somewhat comparable with the p = 1/2 criterion obtained for the simple random walk.
To the best of our knowledge, this kind of result has been obtained only in special cases, as indicated
above.
In this work, we present a result which provides an answer for the question stated in [1], namely,
we describe a complete criterion for site recurrence of any homogeneous, nearest-neighbor OQW on the
integer line for which the particle has an internal degree of dimension 2. We regard this to be the simplest,
nonclassical version of the simple random walk. In addition, we describe a criterion regarding irreducible,
homogeneous walks on the line for which the particle has an internal degree of arbitrary (finite) dimension,
and also a result concerning walks for which the origin is an absorbing site. Such absorption problem
regards the walk on the semi-infinite line induced by a coin: we inspect the probability that the walk
will reach the origin eventually, by making use of a notion of monitored probability. Due to the internal
degree of freedom of the particle, one is able to see that recurrence and absorption may be related in a
different manner than what is observed in the classical case.
The structure of the proof relies in a crucial manner on a law of large numbers for OQWs [2] and
on irreducibility properties of the associated operators [4, 5, 6]. In particular, [5] contains some of the
main ideas regarding the treatment of the reducible case for coins of dimension 2, which are revised and
employed in this work.
The contents of this work are organized as follows. In Section 2 we review OQWs, ergodicity and
irreducibility properties. In Section 3 we discuss the notion of recurrence of OQWs adopted in the theory
and we review some important facts. In Section 4 we prove an OQW version of Chung-Fuchs’ Theorem,
which states that a random walk on the line is recurrent if a law of large numbers condition holds. As an
immediate consequence, we obtain a recurrence criterion for the irreducible case (Corollary 4.3). Section
5 develops basic results leading to the main result of this work, Theorem 5.8, which consists of a complete
criterion for site recurrence of homogeneous OQWs on the integers with an internal degree of dimension
2. Section 6 discusses an absorption criterion for OQWs restricted to the semi-infinite line. Section 7
illustrates the results with examples.
2. Preliminaries: OQWs, irreducibility and the auxiliary map
Let V denote a complex, separable Hilbert space and let B(V) denote the bounded operators over V.
If dimV = n <∞, we have that B(V) is identified with the order n square matrices, denoted by Mn(C). If
A ∈Mn(C), let A∗ denote the conjugate transpose of A and we write A ≥ 0 to denote that A is a positive
semi-definite matrix, that is, ⟨Av, v⟩ ≥ 0, for all v ∈ Cn. In this case we will simply say that A is positive,
and we write A > 0 to denote strictly positive matrices. The space B(V) is the topological dual of its idealI(V) of trace-class operators with trace norm∥ρ∥1 = Tr(∣ρ∣), ∣ρ∣ = √ρ∗ρ,
through the duality [3, Lec. 6]⟨ρ,X⟩ = Tr(ρX), ρ ∈ I(V), X ∈ B(V).
If we assume dimV = n <∞, we have that I(V) = B(V) =Mn(C). We refer the reader to [3, 11] for more
on the above preliminaries.
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Moving towards the definition of OQW, the internal degree of freedom of some given particle, which
we call the coin space, will be described by a complex Hilbert space H, and in this work we will setH = Cd. We define the compact set of density operators over H byD(H) = {ρ ∈Md(C) ∶ ρ ≥ 0,Tr(ρ) = 1}.
In this work we will say integer line, or simply the line, to refer to the set Z of integer numbers. Let S
denote an auxiliary Hilbert space with an orthonormal basis {∣i⟩}i∈Z, which will be called the position
space. Define the following Banach subspace of I(H⊗ S), given byIS(H) = {ρ ∈ I(H⊗ S) ∶ ρ = ∑i∈Z ρi ⊗ ∣i⟩⟨i∣} =⊕i∈Z I(H)⊗ ∣i⟩⟨i∣.
For every ρ ∈ IS(H) we have that Tr(ρ) = ∑i∈ZTr(ρi). Then, define the following set of states,DS(H) = {ρ ∈ IS(H) ∶ ρ ≥ 0, Tr(ρ) = 1}.
We call DS(H) the set of OQW densities, and a density of the form
(2.1) η ⊗ ∣i⟩⟨i∣, η ≥ 0, Tr(η) = 1,
corresponds to a particle located at site i, with internal degree η. An open quantum random walk
(OQW) acting on the line is the completely positive map given by
Φ(ρ) =∑
i∈Z
⎛⎝∑j∈ZBji ρjBj∗i ⎞⎠⊗ ∣i⟩⟨i∣, ρ ∈ DS(H).
Above, matrix Bji ∈Md(C) corresponds to the transition effect from site j to i, and we assume that∑
i
Bj∗i Bji = I, j ∈ Z,
which implies that Tr(Φ(ρ)) = Tr(ρ), for every ρ ∈ DS(H), that is, Φ is trace-preserving. In [1] it is
explained that if Φ is an OQW and ρ ∈ DS(H) then Φ(ρ) ∈ DS(H). It is worth noting that if d = 1, the
OQW can be described by a stochastic matrix.
In this work we will focus on homogeneous walks: the particle moves exactly one position to the left,
or to the right, at each given step, and the coin is constant, i.e., the same transition rule is applied at
each site. This allows us to write
(2.2) Φ(ρ) =∑
i∈Z (Rρi−1R∗ +Lρi+1L∗)⊗ ∣i⟩⟨i∣, ρ ∈ DS(H),
which is the formal definition of the walk described in the Introduction via eq. (1.1). We say that the
pair of matrices (L,R) is a coin if eq. (1.2) holds. If H = Cd for some d, the dimension of the coin is
defined to be d.
Definition. The OQW induced by a coin (L,R) is the homogeneous, nearest-neighbor OQW on
the integer line with left and right transitions given by L and R, respectively. The completely positive,
trace-preserving map describing the walk is given by (2.2). We also say that the coin spans the OQW,
see Fig. 1.
⋯ i i + 1 ⋯
R ⋅R∗
L ⋅L∗
R ⋅R∗
L ⋅L∗
R ⋅R∗
L ⋅L∗
Figure 1. A homogeneous, nearest-neighbor OQW on the line, where matrices L, R are
such that L∗L +R∗R = I. If at time n we are at site i with initial density ρi ⊗ ∣i⟩⟨i∣, then
at time n+ 1, either we move to site i− 1 with probability Tr(LρiL∗) and the new density
becomes, after normalization, LρiL
∗/Tr(LρiL∗)⊗ ∣i−1⟩⟨i−1∣, or we move to site i+1 with
probability Tr(RρiR∗) and the new density becomes RρiR∗/Tr(RρiR∗)⊗ ∣i + 1⟩⟨i + 1∣.
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A quantum trajectory of a homogeneous OQW on the line, spanned by a coin (L,R) and starting
from a state ρ of the form ∑i∈Z ρi ⊗ ∣i⟩⟨i∣, is any path generated by the Markov chain (xn, ρn)n≥0, where
xn denotes the position of the particle at time n and ρn its internal degree. The transition probabilities
are given by
P
⎛⎝(xn+1, ρn+1) = (i + 1, RσR∗Tr(RσR∗)) RRRRRRRRRRR (xn, ρn) = (i, σ)⎞⎠ = Tr(RσR∗),
P
⎛⎝(xn+1, ρn+1) = (i − 1, LσL∗Tr(LσL∗)) RRRRRRRRRRR (xn, ρn) = (i, σ)⎞⎠ = Tr(LσL∗),
for every i ∈ Z, σ ∈ D(H), and initial law
P( (x0, ρ0) = (i, ρi
Tr ρi
) ) = Trρi,
and all other transition probabilities being equal to 0. At time 0 we will usually consider a particle located
at some site i, as in (2.1). It is worth noting that while the pair (xn, ρn)n≥0 is in fact a Markov chain in
the classical sense, the process given by the position alone (xn)n≥0, with a fixed initial density ρ, is not.
As a consequence, many results of the theory of OQWs regarding site recurrence are not immediately
implied by the classical theory, see more on this in Section 3.
A pure density in H is a density ρ that is a projection of rank 1, i.e., there exists ∣ϕ⟩ ∈ Cd such that
ρ = ∣ϕ⟩⟨ϕ∣. A faithful density in H is a density which is strictly positive. Note in particular that for a
density ρ of dimension 2, ρ is faithful if, and only if, it is a nontrivial convex sum of two pure densities.
Now we recall the important notion of irreducibility, following [5, 6]. Let T denote a positive map (that
is, such that if X ≥ 0 then T (X) ≥ 0) acting on the space I(V) of trace-class operators of a Hilbert spaceV. We say that T is irreducible if the only orthogonal projections P such that T (PI(V)P ) ⊂ PI(V)P ,
are P = 0 and P = I. There are several equivalent definitions of irreducibility, but for our purposes we
will restrict to comment only on aspects which are needed in this work. Regarding homogeneous OQWs
induced by order 2 coins, the following proposition allows us to determine if a walk is irreducible:
Proposition 2.1 ([5], Prop. 6.12). Let (L,R) be a coin of dimension 2. Define
W = {common eigenvectors of LR and RL}.
The OQW induced by (L,R) is reducible if, and only if, one of the following facts holds:
(1) W contains an eigenvector of L or R.
(2) W = Cu⋃Cv/{0}, for some linearly independent vectors u and v satisfying Lu,Ru ∈ Cv and
Lv,Rv ∈ Cu.
The following are two important results on irreducibility:
Theorem 2.2. Let T be a completely positive map acting on the trace-class operators of a Hilbert space.
a) [5, Rk. 3.6] If T admits a unique invariant state and such state is faithful, then T is irreducible.
b) [6, Thm. 3.14] If T is irreducible and has an invariant state, then it is unique and faithful.
Given an OQW Φ spanned by a coin (L,R), we define the auxiliary map LΦ by
LΦ ∶Md(C)→Md(C), LΦ(ρ) = LρL∗ +RρR∗.
We will usually write LΦ = L if the associated OQW Φ is clear from context. Let
Pl(0) = {pi = (s1, . . . , sl) ∈ {−1,1}l ∶ l∑
i=1 si = 0}, P(0) = ⋃l∈NPl(0)
so that if B1 = R and B−1 = L, the notation
Bpi = Bsl⋯Bs1 , pi = (s1, . . . , sl) ∈ Pl(0)
describes a matrix product such that the number of L’s is equal to the number of R’s. We recall the
following:
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Proposition 2.3. Let (L,R) be a coin of finite dimension that spans an OQW Φ, and let L be its auxiliary
map. Then:
i) [5, Prop. 4.1] a) L is irreducible if, and only if, L and R have no have no invariant closed subspace
in common, apart from {0} and H.
b) Φ is irreducible if, and only if, the set of matrix products {Bpi0 ∶ pi0 ∈ P(0)} have no invariant
closed subspace in common, apart from {0} and H.
ii) [5, Cor. 4.2] If Φ is irreducible then L is irreducible.
The auxiliary map is an essential object in the study of recurrence, as it will be illustrated later in this
work.
3. Recurrence for OQWs
For any site ∣i⟩, ρ ∈ DS(H), let Pi(ρ) = (Id ⊗ ∣i⟩⟨i∣)ρ(Id ⊗ ∣i⟩⟨i∣), where Id denotes the order d identity
matrix. Given an OQW Φ and associated quantum trajectories (xn, ρn)n≥0, the probability of reaching
site ∣j⟩ at the n-th step, given that the walk started at site ∣i⟩ with initial density ρ, is given by
Pi,ρ(xn = j) = Tr(PjΦn(ρ⊗ ∣i⟩⟨i∣)), ρ ∈ D(H)
Definition. We say that an OQW is:● recurrent at site i with initial density ρ if
(3.1)
∞∑
n=0Pi,ρ(xn = i) =∞.● transient at site i with initial density ρ if
(3.2)
∞∑
n=0Pi,ρ(xn = i) <∞.
We also say that the walk is site-recurrent and site-transient, respectively, with respect to i and
density ρ. We say that an OQW is:● recurrent if it is recurrent at every site i, with respect to every initial density,● transient if it is transient at every site i, with respect to every initial density.
Finally, regarding the homogeneous case, we say that a coin (B,C) is recurrent if the OQW induced
by such coin is recurrent, and we say that a coin (B,C) is transient if the OQW induced by such coin
is transient.
It is a simple matter to show that there are OQWs which are neither recurrent nor transient. However,
regarding irreducible OQWs, we have the following important dichotomy:
Proposition 3.1. [[4], Cor. 3.10] Every irreducible OQW is either transient or recurrent.
If denote by ni = #{n ≥ 1∣xn = i}, the number of visits to i, and by E the expected value of a random
variable, then ∞∑
n=0Pi,σ(xn = i) =
∞∑
n=0Ei,σ(1{xn=i}) = Ei,σ
∞∑
n=0 1{xn=i} = Ei,σ(ni),
which makes clear that the present notion of recurrence is given in terms of the mean number of visits to
a site.
We can also study recurrence in terms of generating functions as follows (a formal discussion on the
analytic behavior of such series can be seen in [11]). If we define
sii(z) = ∑
n≥0Pi(zΦ)nPi = Pi(I − zΦ)−1Pi, ∣z∣ < 1,
we can write (3.1) as
lim
z↑1 Tr(sii(z)ρ) =∞.
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In this work, whenever we refer to recurrence, we mean the notion given by expression (3.1), unless
otherwise noted. This notion is sometimes called recurrence in the sense of Po´lya.
Remark 3.2. We note that site recurrence refers to the probability that, given an initial density concen-
trated on site i, say, η ⊗ ∣i⟩⟨i∣, the walk will eventually return to site i, landing on such site with any
density matrix. This is in contrast to the state recurrence problem, which consists of determining the
probability that the walk will return to i with the same initial density η, see [11] for more on this.
Also in terms of generating functions, the following notion will be used for the study of absorption in
the setting of OQWs. For any site ∣i⟩, ρ ∈ DS(H), let Qi = [Id ⊗ (I − ∣i⟩⟨i∣)]ρ[Id ⊗ (I − ∣i⟩⟨i∣)], where I
denotes the identity on the position space S. That is, Qi discards any information contained on site i.
The probability of reaching site ∣j⟩ for the first time at the n-th step, given that the walk started
at site ∣i⟩ with initial density ρ is given by
(3.3) Fi,ρ(xn = j) = Tr(PjΦ(QjΦ)n−1(ρ⊗ ∣i⟩⟨i∣)), ρ ∈ D(H),
and if we define
fii(z) = ∑
n≥0PiΦ(zQiΦ)nPi = PiΦ(1 − zQiΦ)−1Pi, ∣z∣ < 1,
the probabability that a walk ever returns to site i, with initial density ρ, can be written as
Pi,ρ(ti <∞) = ∑
n≥1Fi,ρ(xn = i) = limz↑1 Tr(fii(z)ρ), ti = min{n > 0 ∶ xn = i},
and we say that site i is monitored-recurrent with respect to ρ if Pi,ρ(ti < ∞) = 1. At this point, a
natural question regards the relation between recurrence in terms of (3.1) and monitored recurrence in
the setting of OQWs. Let us briefly discuss this in what follows.
3.1. On the probability of first return and mean number of visits. It is worth recalling that in
the classical case of Markov chains we have the renewal equation [10]
Pii(z) = 1
1 − Fii(z) ,
where Pii and Fii are the classical generating functions associated with visits to i, and first returns to i,
respectively. The above relation implies that
lim
z↑1 Fii(z) = 1 ⇐⇒ limz↑1 Pii(z) =∞.
In words: in the classical setting, to say that the return probability to site i is equal to 1 is equivalent
to say that the mean number of visits to i is infinite. On the other hand, in the setting of OQWs, the
inspection of an analogous correspondence needs to take in consideration the internal degrees of freedom
of the sites. More precisely, it is instructive to recall the following items:
(1) Pi,ρ(ti <∞) = 1 for every ρ implies that Ei,ρ(ni) =∞, for every ρ [[7], Prop. 6.1].
(2) Pi,ρ(ti < ∞) = 1 for some faithful ρ implies that Ei,η(ni) = ∞ for every density η, see [[4], Cor.
3.5].
(3) Pi,ρ(tj <∞) = 1 for some faithful ρ implies that Pi,η(tj <∞) = 1 for every density η, see [[4], Cor.
3.5].
(4) Ei,ρ(ni) =∞ for some ρ implies Pi,ρ′(ti <∞) = 1, for some ρ′ which is accessible from ρ. See [[7],
Prop. 6.2] and [[4], Rk. 3.8 and Ex. 5.1]. We recall that ρ′ is accessible from ρ if there is a path,
described by a product of transition matrices, e.g. B = LLRRLR, such that ρ′ = BρB∗/Tr(BρB∗).
(5) Supposing the OQW is irreducible, if for some density ρ we have Ei,ρ(ni) =∞ then this is true for
every density and Pi,ρ(ti <∞) = 1 for every ρ [[4], Teo 3.1].
In particular, monitored recurrence with respect to every density (which is the main definition adopted
in [7, 13]) implies recurrence with respect to every density, in the sense of this work. With respect to the
above notions, we prove the following result, further simplifying the relation between the mean number
of visits to a vertex and the first return probability in the case of irreducible, homogeneous walks:
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Proposition 3.3. For any irreducible, homogeneous OQW induced by a coin (L,R), we are in one of
the following situations:
(1) For any i, j sites and every density ρ, we have Ei,ρ(nj) =∞ and Pi,ρ(tj <∞) = 1,
(2) For any i, j sites and every density ρ, we have Ei,ρ(nj) <∞ and Pi,ρ(tj <∞) < 1.
Proof. The two cases stated above are described in [[4], Thm. 3.1], along with the following situation:
Ei,ρ(nj) <∞ for any i, j sites, ρ density, and there are ρ, ρ′ densities, ρ non-faithful, such that for some
site i, we have Pi,ρ(ti < ∞) = 1 and Pi,ρ′(ti < ∞) < 1. The proposition will be proved by showing that,
under the hypothesis, this latter case is impossible.
The idea of the proof is to show that the assumption Pi,ρ(ti < ∞) = 1 implies that there is η faithful
located at any j ≠ i such that Pj,η(ti <∞) = 1. By item (3) preceeding this proposition, this probability
must be equal to 1 for every density. Then Pi,η′(tj <∞) = 1 for some η′ faithful (and therefore for every
density) and this implies that Pj,η(tj <∞) = 1 for every density η. By item (1) stated above, we conclude
Ei,η(ni) =∞, a contradiction.
As the walk is homogeneous, we may assume i = 0. Note that, after one step of the walk, we have
1 = P−1, LρL∗
Tr(LρL∗) (t0 <∞) ⋅Tr(LρL∗) + P1, RρR∗Tr(RρR∗) (t0 <∞) ⋅Tr(RρR∗)
By the trace preservation condition, we must have that the probabilities on the right are equal to 1. After
2 steps of the walk, we have
1 = Tr(LRρR∗L∗) +Tr(RLρL∗R∗)+P−2, L2ρL2∗
Tr(L2ρL2∗) (t0 <∞) ⋅Tr(L2ρL2∗) + P2, R2ρR2∗Tr(R2ρR2∗) (t0 <∞) ⋅Tr(R2ρR2∗).
As in the first step, due to trace preservation, we have that both P−2 and P2 must be equal to one. We
may repeat the above reasoning so that for every j ≠ 0 we can obtain, after a sufficient number of steps,
a set of densities η1, η2, . . . , ηk such that Pj,ηm(t0 <∞) = 1, m = 1, . . . , k, and from which we can obtain a
faithful density α located at j via a convex combination. This is always possible, due to the irreducibility
assumption. Therefore, we have Pj,α(t0 <∞) = 1 and we are done. ◻
4. OQW version of Chung-Fuchs’ Theorem and the irreducible case
In this section we consider some results over the Markov chain (xn, ρn)n≥0 induced by the quantum
trajectories of a homogeneous OQW on the line. This will lead us to a site-recurrence criterion for the
irreducible case. Lemma 4.1, together with Theorem 4.2, will allow us to make practical use of the law of
large numbers proved in [2]. The proofs below are inspired by the classical result [8], also see [9].
Lemma 4.1. Let (xn, ρn)n≥0 denote the trajectories of a homogeneous OQW on the integer line. Let
ε > 0 and m > 1 be an integer. Then, for every ρ ∈ D = D(H),∞∑
n=0P0,ρ(∣xn∣ <mε) ≤ 2m ⋅maxσ∈D
∞∑
n=0P0,σ(∣xn∣ < ε).
Proof. As (−m,m) ⊂ ⋃m−1k=−m[k, k + 1), we have
(4.1)
∞∑
n=0P0,ρ(∣xn∣ <mε) ≤
∞∑
n=0
m−1∑
k=−mP0,ρ(kε ≤ xn < (k + 1)ε).
Let Tk = inf{l ≥ 0 ∶ kε ≤ xl < (k + 1)ε} and Σ(ρ, k, ε) = ∑∞n=0 P0,ρ(kε ≤ xn < (k + 1)ε). Then, by summing
over the value of Tk,
Σ(ρ, k, ε) = ∞∑
n=0
∞∑
l=0P0,ρ(kε ≤ xn < (k + 1)ε, Tk = l).
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If Tk = l, then kε ≤ xl < (k + 1)ε, which implies −(k + 1)ε < −xl ≤ −kε and −ε < xn − xl < ε. Consequently,
by Fubini’s Theorem,
Σ(ρ, k, ε) = ∞∑
n=0
∞∑
l=0P0,ρ(∣xn − xl∣ < ε, Tk = l) =
∞∑
l=0
∞∑
n=lP0,ρ(∣xn − xl∣ < ε, Tk = l).
As the events {Tk = l} and{∣xn − xl∣ < ε} are independent, we have
Σ(ρ, k, ε) = ∞∑
l=0P0,ρ(Tk = l)
∞∑
n=lP0,ρ(∣xn − xl∣ < ε).
By summing according to the value of (xl, ρl) and applying Fubini’s theorem,
Σ(ρ, k, ε) = ∞∑
l=0P0,ρ(Tk = l)
∞∑
n=l∫D∑j∈ZP0,ρ(∣xn − xl∣ < ε , (xl, ρl) = (j, σ))dσ
= ∞∑
l=0P0,ρ(Tk = l)∫D∑j∈Z
∞∑
n=lP0,ρ(∣xn − xl∣ < ε∣(ρl, xl) = (j, σ)) ⋅ P0,ρ((ρl, xl) = (j, σ))dσ.
By the Markov property and as the walk is homogeneous in space, we have
Σ(ρ, k, ε) = ∞∑
l=0P0,ρ(Tk = l)∫D∑j∈Z
∞∑
n=lPj,σ(∣xn−l − x0∣ < ε) ⋅ P0,ρ((ρl, xl) = (j, σ))dσ.
By letting s = n − l, we have
Σ(ρ, k, ε) = ∞∑
l=0P0,ρ(Tk = l)∫D∑j∈Z
∞∑
s=0Pj,σ(∣xs − j∣ < ε) ⋅ P0,ρ((xl, ρl) = (j, σ))dσ
= ∞∑
l=0P0,ρ(Tk = l)∫D
∞∑
s=0P0,σ(∣xs∣ < ε) ⋅∑j∈ZP0,ρ((xl, ρl) = (j, σ))dσ.
Since ∑∞l=0 P0,ρ(Tk = l) = 1, we have
Σ(ρ, k, ε) ≤ ∞∑
l=0P0,ρ(Tk = l)maxα∈D
∞∑
s=0P0,α(∣xs∣ < ε) ⋅ ∫D∑j∈ZP0,ρ((xl, ρl) = (j, σ))dσ
= ∞∑
l=0P0,ρ(Tk = l)maxα∈D
∞∑
s=0P0,α(∣xs∣ < ε) = maxα∈D
∞∑
s=0P0,α(∣xs∣ < ε).
Finally, by the above inequality and (4.1), we have∞∑
n=0P0,ρ(∣xn∣ <mε) ≤
m−1∑
k=−mΣ(ρ, k, ε) ≤
m−1∑
k=−mmaxα∈D
∞∑
s=0P0,α(∣xs∣ < ε) = 2m ⋅maxα∈D
∞∑
s=0P0,α(∣xs∣ < ε). ◻
Theorem 4.2 (Chung-Fuchs Theorem for OQWs). Given an OQW on the integer line with quantum
trajectories (xnρn)n≥0, if xn/n→ 0 in probability, then there exists σ ∈ D such that we have recurrence at
site 0 with initial density σ, i.e., ∑∞n=0 P0,σ(xn = 0) =∞.
Proof. Let uρn(x) = P0,ρ(∣xn∣ < x). Let σ ∈ D such that∞∑
n=0uσn(1) = maxα∈D
∞∑
n=0uαn(1).
Let m > 1 be an integer and let ρ ∈ D. By Lemma 4.1 we have
2m ⋅ ∞∑
n=0uσn(1) = 2m ⋅maxα∈D
∞∑
n=0uαn(1) ≥
∞∑
n=0uρn(m ⋅ 1).
Let A > 0 be an integer. Then
(4.2)
∞∑
n=0P0,σ(xn = 0) =
∞∑
n=0uσn(1) ≥ 12m
∞∑
n=0uρn(m) ≥ 12m
Am∑
n=0uρn(m) ≥ 12m
Am∑
n=0uρn(n/A),
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since uρn(x) ≥ 0 and is increasing in x. Now note that uρn(n/A) = P0,ρ(∣xn∣ < n/A) = P0,ρ(∣xn∣/n < 1/A) so,
by the weak law hypothesis, we have
lim
n→∞uρn(n/A) = 1,
which implies
lim
m→∞ 12m
Am∑
n=0uρn(n/A) = A2 ⋅ limm→∞ ∑
Am
n=0 uρn(n/A)
Am
= A
2
.
By equation (4.2), we have ∞∑
n=0P0,σ(xn = 0) ≥ A2
and, as A is arbitrary, we must have ∑∞n=0 P0,σ(xn = 0) =∞. ◻
Corollary 4.3. Let (B,C) be a coin inducing a homogeneous, irreducible OQW on the line. Let ρ∞ be
the unique invariant state of the auxiliary map. Then,
Tr(B∗Bρ∞) = 1
2
⇒ (B,C) is recurrent.
Proof. As the induced walk is irreducible, by Proposition 2.3 the auxiliary map L also is irreducible, so
it admits a unique invariant state ρ∞. Let (xn, ρn)n≥0 be the Markov chain that generates the quantum
trajectories of the OQW spanned by coin (B,C). Then by [[2], Thm. 5.2], we have that the law of
large numbers limn→∞ xnn = µ holds almost surely with ∣µ∣ = ∣1 − 2Tr(B∗Bρ∞)∣ = 0. Then, convergence in
probability holds, so the hypothesis of Theorem 4.2 is satisfied and we have recurrence at site 0 for some
initial density σ. As the OQW is irreducible, it is recurrent by Proposition 3.1. ◻
The case for which Tr(B∗Bρ∞) ≠ 12 leads to transience as long as the auxiliary map of the walk admits
a unique invariant state:
Proposition 4.4. Let (B,C) be a coin inducing a homogeneous OQW Φ on the line. Assume that the
auxiliary map admits a unique invariant state ρ∞. Then,
Tr(B∗Bρ∞) ≠ 1
2
⇒ (B,C) is transient.
Proof. Let (xn, ρn)n≥0 be the Markov chain that generates the quantum trajectories of the OQW
spanned by coin (B,C). Then by [[2], Thm. 5.2], we have that the law of large numbers limn→∞ xnn = µ
holds almost surely with ∣µ∣ = ∣1−2Tr(B∗Bρ∞)∣ ≠ 0. Then ∣xn∣→∞ a.s., implying that P0,ρ(xn = 0 i.o.) = 0
for any ρ. Therefore, the mean number of visits to 0 is finite, that is, (B,C) is transient. ◻
5. Recurrence criteria for order 2 coins
The following preliminary results will lead us to a complete set of recurrence criteria for coins in M2(C).
This is stated in Theorem 5.8.
Lemma 5.1. Regarding an OQW induced by a coin (B,C) of dimension 2, we have:
(1) Recurrence w.r.t a pure density implies recurrence w.r.t. all faithful densities.
(2) Recurrence w.r.t. a non-pure density implies recurrence w.r.t. at least one pure density.
Proof. (1) Let ∣a⟩ be a unit vector such that (B,C) is recurrent with respect to ∣a⟩⟨a∣. Let ∣b⟩ such
that {∣a⟩, ∣b⟩} is an orthonormal basis of C2 and let ρ be a faithful density, which can be written in terms
of such basis as ρ = [ρ11 ρ12
ρ12 1 − ρ11]. Then, 0 < ρ11 < 1 and ρ11(1 − ρ11) − ∣ρ12∣2 > 0. Let ε such that
0 < ε < ρ11 − ∣ρ12∣21−ρ11 . Then ρε = ρ − ε ⋅ ∣a⟩⟨a∣ is positive-definite and we have
P0,ρ(x2n = 0) = P0,ε⋅∣a⟩⟨a∣(x2n = 0) + P0,ρε(x2n = 0) ≥ P0,ε⋅∣a⟩⟨a∣(x2n = 0) = ε ⋅ P0,∣a⟩⟨a∣(x2n = 0).
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As ∑n≥0 P0,∣a⟩⟨a∣(x2n = 0) = +∞ and ε > 0, we conclude ∑n≥0 P0,ρ(x2n = 0) = +∞.
(2) Let ρ be a non-pure density. Hence, there exists an orthonormal basis {∣v⟩, ∣w⟩} of C2 and 0 < q < 1
such that ρ = q ⋅ ∣v⟩⟨v∣ + (1 − q) ⋅ ∣w⟩⟨w∣. We have
P0,ρ(x2n = 0) = q ⋅ P0,∣v⟩⟨v∣(x2n = 0) + (1 − q) ⋅ P0,∣w⟩⟨w∣(x2n = 0)
and this implies that ∑
n≥0P0,ρ(x2n = 0) ≤ ∑n≥0P0,∣v⟩⟨v∣(x2n = 0) +∑n≥0P0,∣w⟩⟨w∣(x2n = 0).
As ∑n≥0 P0,ρ(x2n = 0) = +∞, it is not possible that both ∑n≥0 P0,∣v⟩⟨v∣(x2n = 0) and ∑n≥0 P0,∣w⟩⟨w∣(x2n = 0)
converge. ◻
Theorem 5.2 (Trichotomy for coins of dimension 2). Let (B,C) be a coin of dimension 2. We are in
one (and only one) of the following situations:● (B,C) is recurrent,● (B,C) is transient,● (B,C) is recurrent with respect to all densities except for one, which we call σ. In this case, there
exists an eigenvector ∣v⟩ of both B and C such that σ = ∣v⟩⟨v∣.
Proof. Let (B,C) be a coin of dimension 2 that is neither recurrent nor transient. As (B,C) is a
coin that is not transient, we have recurrence with respect to some density τ . Lemma 5.1, item 2, allows
us to assume that τ is pure. Similarly, as (B,C) is a coin that is not recurrent, we have transience with
respect to some density σ. We will prove that (B,C) is recurrent with respect to all densities but σ.
Since (B,C) is recurrent with respect to the pure density τ we have, by Lemma 5.1, item 1, that σ is
non-faithful. As the dimension of the coin space is 2, σ is pure, so there is a unit vector ∣v⟩ such that
σ = ∣v⟩⟨v∣. Let ∣w⟩ be a unit vector which is not a multiple of ∣v⟩. Let ρ = q ⋅ ∣v⟩⟨v∣ + (1 − q) ⋅ ∣w⟩⟨w∣ with
0 < q < 1. Then ρ is non-pure and, as the dimension of the coin space is 2, ρ is faithful. Then, (B,C) is
recurrent with respect to ρ, by Lemma 5.1, item 1. By combining the recurrence of ρ with the transience
of ∣v⟩⟨v∣, we conclude (B,C) is recurrent with respect to ∣w⟩⟨w∣. Therefore, (B,C) is recurrent with
respect to all densities but σ, by the definition of ∣w⟩ and by Lemma 5.1, item 1. Finally, ∣v⟩ must be
an eigenvector of B and C, as the walk is homogeneous in space and since (B,C) is transient only with
respect to ∣v⟩⟨v∣. ◻
The trichotomy of Theorem 5.2 leads to a dichotomy for coins of dimension 2 with zero or one common
eigenvector. In order to obtain such dichotomy, we slightly modify the result in [[5], Prop. 6.1], making
use of no additional hypotheses over the coin.
Proposition 5.3. (Adaptation of [[5], Prop. 6.1]). Consider a coin (B,C) of dimension 2. Let L be the
auxiliary map of the induced OQW. Then, we are in one of the following situations:
(1) If B and C have no eigenvector in common, then L is irreducible and, as a consequence, has a
unique invariant density.
(2) If B and C have only one eigenvector u1 in common, then the density ∣u1⟩⟨u1∣ is the unique
L-invariant density.
(3) If B and C have two linearly independent eigenvectors in common, then for any nonzero vector
u2 orthogonal to one of these two eigenvectors, we have that u2 is also a common eigenvector of
B and C.
Proof. Assume that L is not irreducible and that B and C have a common eigenvector u1 having norm
1. Choose u2 so that we have an orthonormal basis {u1, u2} and let ρ = ∑i,j ρij ∣ui⟩⟨uj ∣ be a L-invariant
density. We have:
ρ = L(ρ) =∑
i,j
ρijB∣ui⟩⟨uj ∣B∗ +∑
i,j
ρijC ∣ui⟩⟨uj ∣C∗
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from which we obtain
ρ22 = ⟨u2∣L(ρ)∣u2⟩ = ρ22∣⟨u2∣B∣u2⟩∣2 + ρ22∣⟨u2∣C ∣u2⟩∣2.
Then, we have
(5.1) ρ22 = 0 or 1 = ∣⟨u2∣B∣u2⟩∣2 + ∣⟨u2∣C ∣u2⟩∣2.
Suppose ρ22 = 0. As ρ is a density, we have ρ ≥ 0, which implies ρ12 = 0 and ρ = ∣u1⟩⟨u1∣. Therefore,
(5.2) ρ22 = 0⇒ ∣u1⟩⟨u1∣ is the only invariant density.
Now suppose ρ22 ≠ 0. This implies, 1 = ∣⟨u2∣B∣u2⟩∣2 + ∣⟨u2∣C ∣u2⟩∣2 and we have
1 − ∥B∣u2⟩∥2 = ⟨u2∣I ∣u2⟩ − ⟨u2∣B∗B∣u2⟩ = ⟨u2∣I −B∗B∣u2⟩ = ⟨u2∣C∗C ∣u2⟩ = ∥C ∣u2⟩∥2.
By the Cauchy-Schwarz inequality, ∣⟨u2∣C ∣u2⟩∣2 = 1 − ∣⟨u2∣B∣u2⟩∣2≥ 1 − ∥⟨u2∣∥2 ⋅ ∥B∣u2⟩∥2= 1 − ∥B∣u2⟩∥2= ∥C ∣u2⟩∥2.
By Cauchy-Schwarz once again, there exists η ∈ C such that C ∣u2⟩ = η∣u2⟩ i.e. ∣u2⟩ is an eigenvector of B.
We can also obtain the same fact for matrix C. Therefore,
(5.3) 1 = ∣⟨u2∣B∣u2⟩∣2 + ∣⟨u2∣C ∣u2⟩∣2 ⇒ ∣u2⟩ is a common eigenvector of B,C.
By (5.1), (5.2), (5.3), we have:
(5.4) ∣u1⟩⟨u1∣ is the only invariant density or ∣u2⟩ is a common eigenvector of B,C.
Finally, if B,C admit a second common eigenvector ∣z⟩ linearly independent of ∣u1⟩, we have that ∣z⟩⟨z∣ is
an invariant density distinct of ∣u1⟩⟨u1∣. By (5.4), we have that ∣u2⟩ is a common eigenvector of B and C.◻
Lemma 5.4. Let (B,C) be a coin of finite dimension and let ∣v⟩ be a common eigenvector of B and C.
Then
Tr(B∗B∣v⟩⟨v∣) = 1
2
⇔ (B,C) is recurrent with respect to ∣v⟩⟨v∣.
Proof. Let λ, δ ∈ C such that B∣v⟩ = λ∣v⟩ and C ∣v⟩ = δ∣v⟩. Let (xn, ρn)n≥0 be the Markov chain that
generates the quantum trajectories of the homogeneous OQW induced by coin (B,C). If ρ0 = ∣v⟩⟨v∣ then
ρn = ∣v⟩⟨v∣ for all n ∈ N, since
(5.5) B∣v⟩⟨v∣B∗ = ∣λ∣2 ⋅ ∣v⟩⟨v∣, C ∣v⟩⟨v∣C∗ = ∣δ∣2 ⋅ ∣v⟩⟨v∣.
Then,
Tr(B∗B∣v⟩⟨v∣) = ⟨v∣B∗B∣v⟩ = ∣λ∣2, ⟨v∣C∗C ∣v⟩ = ∣δ∣2.
As (B,C) is a coin, we have that ∣λ∣2+∣δ∣2 = 1 and, by (5.5), we have Pi,∣v⟩⟨v∣(x2n = i) = (2nn )pn(1−p)n with
p = Tr(B∗B∣v⟩⟨v∣) and then (B,C) is recurrent with respect to ∣v⟩⟨v∣ if, and only if, Tr(B∗B∣v⟩⟨v∣) = 12 .◻
Corollary 5.5 (Dichotomy for coins of dimension 2 with at most one common eigenvector). Let (B,C)
be a coin of dimension 2 such that B and C have at most one common eigenvector. We are in one (and
only one) of the following situations:● (B,C) is transient,● (B,C) is recurrent.
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Proof. If B and C have no common eigenvector, the dichotomy follows directly from Theorem 5.2.
If ∣v⟩ is the unique common eigenvector of both B and C, suppose that (B,C) is neither transient nor
recurrent. Therefore, by Theorem 5.2, (B,C) is transient with respect to σ = ∣v⟩⟨v∣. Hence by Lemma
5.4 we have Tr(B∗Bσ) ≠ 12 . By Proposition 5.3 the auxiliary map L has a unique invariant density and,
by uniqueness, this density is σ. By Proposition 4.4, (B,C) must be transient, which is a contradiction.◻
Now we recall that, regarding the recurrence result given by Corollary 4.3, the irreducibility of (B,C)
was used only to guarantee the uniqueness of the invariant density for the auxiliary map L, and to ensure
that the dichotomy result of Proposition 3.1 could be applied. We remark that these two results are also
available for coins of dimension 2 with at most one common eigenvector: the former case via Proposition
5.3 and the latter by Corollary 5.5. Therefore, Corollary 4.3 is extendable for coins of dimension 2 with
zero or one common eigenvector:
Proposition 5.6. Let (B,C) be a coin of dimension 2 with at most one common eigenvector. Let ρ∞ be
the unique invariant density of the auxiliary map L. Then,
Tr(B∗Bρ∞) = 1
2
⇒ (B,C) is recurrent.
Now we examine the case of two common eigenvectors:
Proposition 5.7. Let (B,C) be a coin of dimension 2 such that B and C have two linearly independent
eigenvectors in common. Let u1 be one of them and let u2 be a norm one vector such that u2 ⊥ u1. Let
σ1 = ∣u1⟩⟨u1∣ and σ2 = ∣u2⟩⟨u2∣. Then,
Tr(B∗Bσ1) = 1
2
and Tr(B∗Bσ2) = 1
2
⇒ (B,C) is recurrent,
Tr(B∗Bσ1) ≠ 1
2
and Tr(B∗Bσ2) ≠ 1
2
⇒ (B,C) is transient,
Tr(B∗Bσi) ≠ 1
2
and Tr(B∗Bσj) = 1
2
⇒ (B,C) is transient with respect to σi and it is recurrent with
respect to all densities but σi, for (i, j) = (1,2) or (i, j) = (2,1).
Proof. By item 3 of Proposition 5.3, u2 is also a common eigenvector of B and C. Hence B and
C are diagonal matrices with respect to the basis {u1, u2} and (B,C) is unital. Then, if Tr(B∗Bσ1) =
1
2 and Tr(B∗Bσ2) = 12 then (B,C) is recurrent by [[13], Thm. 4.6]. On the other hand, if Tr(B∗Bσ1) ≠
1
2 and Tr(B∗Bσ2) ≠ 12 , then by Lemma 5.4 we have that (B,C) is transient with respect to the two
distinct densities σ1 and σ2, hence (B,C) is transient by Theorem 5.2.
Finally, if Tr(B∗Bσi) ≠ 12 and Tr(B∗Bσj) = 12 for (i, j) = (1,2) or (i, j) = (2,1), by Lemma 5.4 we have
that (B,C) is transient with respect to σi and (B,C) is recurrent with respect to σj . Hence, by Theorem
5.2, (B,C) is transient with respect to σi and it is recurrent with respect to all densities but σi. ◻
Summarizing, we gather several of the results about recurrence proved in this section and the previous
one in order to obtain a complete set of recurrence criteria for coins of dimension 2.
Theorem 5.8 (Recurrence criteria for coins of dimension 2). Consider a homogeneous OQW on the line
induced by a coin (B,C) of dimension 2.
(1) If B and C have at most one common eigenvector, let ρ∞ be the unique invariant density of the
auxiliary map. Then, we have
Tr(B∗Bρ∞) ≠ 1
2
⇒ (B,C) is transient,
Tr(B∗Bρ∞) = 1
2
⇒ (B,C) is recurrent.
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(2) If B and C have two linearly independent eigenvectors in common, let u1 be one of them and let
u2 be a norm one vector such that u2 ⊥ u1. Also let σ1 = ∣u1⟩⟨u1∣ and σ2 = ∣u2⟩⟨u2∣. Then, we have
Tr(B∗Bσ1) = 1
2
and Tr(B∗Bσ2) = 1
2
⇒ (B,C) is recurrent,
Tr(B∗Bσ1) ≠ 1
2
and Tr(B∗Bσ2) ≠ 1
2
⇒ (B,C) is transient,
Tr(B∗Bσi) ≠ 1
2
and Tr(B∗Bσj) = 1
2
⇒ (B,C) is transient with respect to σi and it is recurrent with
respect to all densities but σi, for (i, j) = (1,2) or (i, j) = (2,1).
Proof. Item 1 is given by Proposition 4.4 and Proposition 5.6, and item 2 is given by Proposition 5.7.◻
6. Absorption problem for OQWs on the semi-infinite line
Given an OQW on the line, we can always consider an associated OQW on the semi-infinite line if we
restrict the walk to nonnegative sites ∣0⟩, ∣1⟩, . . . and assume that the walk stops after reaching site ∣0⟩ for
the first time (which we may interpret as site ∣0⟩ being absorbing). Below, recall the definitions of P0 and
Q0 given in Section 3.
The absorption probability on the semi-infinite line is the probability that an OQW initialized
in ρ⊗ ∣m⟩⟨m∣, m ≥ 1, is eventually absorbed at 0. This number is
P0←m(ρ) = ∞∑
n=0Tr[P0Φ(Q0Φ)n(ρ⊗ ∣m⟩⟨m∣)],
which is essentially the series whose terms are given by (3.3), but regarding an OQW on the semi-infinite
line. We say that the OQW is absorbing at ∣0⟩, or simply absorbing, if P0←m(ρ) = 1 for every ρ density
and m ≥ 1.
6.1. The irreducible case. As an application of the results obtained in previous sections, we will give an
absorption criterion for irreducible walks with an internal degree of freedom of arbitrary finite dimension.
Theorem 6.1 (Absorption criterion for irreducible walks on the semi-infinite line). Let (L,R) be a coin
inducing an irreducible OQW and an absorbing walk on the semi-infinite line, where L is the transition
matrix to the left. Let ρ∞ be the unique invariant state of the auxiliary map. Then,
The OQW is absorbing ⇔ Tr(L∗Lρ∞) ≥ 1
2
.
Proof. Suppose Tr(L∗Lρ∞) = 12 . By Corollary 4.3, the walk is recurrent. As it is also irreducible, the
probability to be eventually absorbed in 0 equals one, by Proposition. 3.3.
Suppose Tr(L∗Lρ∞) ≠ 12 . Let (xn, ρn)n≥0 be the Markov chain that generates the quantum trajectories
of the OQW spanned by coin (L,R). By [[2], Thm. 5.2], the law of large numbers limn→∞ xnn = µ holds
almost surely, where µ = Tr(Rρ∞R∗) −Tr(Lρ∞L∗) = 1 − 2Tr(L∗Lρ∞). As µ ≠ 0, we have
{ xn → +∞ a.s. if µ > 0,
xn → −∞ a.s. if µ < 0.
The case µ > 0 implies that the mean number of visits to 0 is finite, so that the monitored probability of
return to 0 is less than 1, by Proposition 3.3. The case µ < 0 clearly implies that the probability of return
to 0 equals 1. Therefore, { P0←m(ρ) < 1 if Tr(L∗Lρ∞) < 12 ,P0←m(ρ) = 1 if Tr(L∗Lρ∞) ≥ 12 ,
for any density matrix ρ and m ≥ 1. ◻
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6.2. The case of order 2 coins. In order to prove the absorption criterion for order 2 coins, we need
two auxiliary lemmas.
Lemma 6.2. Consider the homogeneous OQW on the semi-infinite line induced by a coin (L,R) of
dimension 2, where L is the transition matrix to the left. Suppose there exists a common eigenvector for
R and L, which we call ∣v⟩. Then,
Tr(L∗L∣v⟩⟨v∣) ≥ 1
2
⇔ P0←m(∣v⟩⟨v∣) = 1, m ≥ 1.
Proof. Let λ, δ ∈ C such that R∣v⟩ = λ∣v⟩ and L∣v⟩ = δ∣v⟩. Let (xn, ρn)n≥0 be the Markov chain that
generates the quantum trajectories of the OQW spanned by coin (L,R). If ρ0 = ∣v⟩⟨v∣ then ρn = ∣v⟩⟨v∣ for
all n ∈ N, since
(6.1) R∣v⟩⟨v∣R∗ = ∣λ∣2 ⋅ ∣v⟩⟨v∣, L∣v⟩⟨v∣L∗ = ∣δ∣2 ⋅ ∣v⟩⟨v∣
and this implies
Tr(R∗R∣v⟩⟨v∣) = ⟨v∣R∗R∣v⟩ = ∣λ∣2, ⟨v∣L∗L∣v⟩ = ∣δ∣2.
As (L,R) is a coin, we have ∣λ∣2 + ∣δ∣2 = 1 and, by (6.1), we have that this OQW behaves as a classical,
simple random walk, with ∣λ∣2 being the probability of moving right and ∣δ∣2 the probability of moving
left. Hence, we have ∣δ∣2 ≥ 1
2
⇔ P0←m(∣v⟩⟨v∣) = 1. ◻
Lemma 6.3. Consider the OQW on the semi-infinite line induced by a coin (L,R) such that R and L are
diagonal matrices of dimension 2, and L is the transition matrix to the left. Let τ = [0 ζ
ξ 0
] with ζ, ξ ∈ C.
Then P0←m(τ) = 0.
Proof. This follows from the fact that Tr(R∗Rτ) = Tr(L∗Lτ) = 0 and noting that, as L and R are
diagonal, so are L∗L and R∗R. ◻
Theorem 6.4 (Absorption criterion for coins of dimension 2 on the semi-infinite line). Let (L,R) be a
coin of dimension 2 inducing an OQW and an absorbing walk on the semi-infinite line, where L is the
transition matrix to the left.
(1) If R and L have at most one common eigenvector, let ρ∞ be the unique invariant density of the
auxiliary map. Then,
The OQW is absorbing ⇔ Tr(L∗Lρ∞) ≥ 1
2
.
(2) If R and L have two linearly independent eigenvectors in common, let u1 be one of them and let
u2 be a norm one vector such that u2 ⊥ u1. Let σ1 = ∣u1⟩⟨u1∣ and σ2 = ∣u2⟩⟨u2∣. Then,
The OQW is absorbing ⇔ Tr(L∗Lσ1) ≥ 1
2
and Tr(L∗Lσ2) ≥ 1
2
.
Proof. (1) If Tr(L∗Lρ∞) = 12 , we have that the walk is recurrent by Theorem 5.8, item 1. Now, let us
prove that P0,ρ(t0 < ∞) = 1 for every ρ, i.e., that the walk is absorbing. Since E0,ρ(n0) = ∞ for every ρ,
by item (4) in Section 3.1, we have that P0,ρ′(t0 < ∞) = 1 for some ρ′ which is accessible from ρ. If ρ is
the pure state given by the common eigenvector of L and R then ρ′ = ρ, so we have a classical walk and
absorption holds. On the other hand, if ρ is not such common eigenstate, we can find ρ′ ≠ ρ for which the
walk is also absorbing. Therefore, by any nontrivial convex combination of such densities one can obtain
an absorbing density which is faithful and conclude, by item (2) in Section 3.1, that the walk is absorbing.
Now suppose Tr(L∗Lρ∞) ≠ 12 . The law of large numbers limn→∞ xnn = µ holds almost surely, where
µ = Tr(Rρ∞R∗) −Tr(Lρ∞L∗) = 1 − 2Tr(L∗Lρ∞) and as µ ≠ 0, we have
{ xn → +∞ a.s. if µ > 0,
xn → −∞ a.s. if µ < 0.
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The case µ < 0 clearly implies that the walk is absorbing. On the other hand, the case µ > 0 implies that
the mean number of visits to 0 is finite, for every initial ρ. By [[4], Cor. 3.5], for every faithful state ρ, we
must have P0,ρ(t0 < ∞) < 1. Moreover, the same must hold for every pure state. In fact, suppose there
is a pure state η such that P0,η(t0 <∞) = 1. If η is the pure state given by the common eigenvector of L
and R then we have a classical walk and we conclude that the mean number of visits to 0 is infinite, a
contradiction. On the other hand, if η is not such common eigenstate, then at some time the walk must
land at some density η′ ≠ η at site 0. As η′ is accessible from η, for which the walk is absorbing, we
must have P0,η′(t0 < ∞) = 1, by a similar reasoning as for Proposition 3.3. Then, any nontrivial convex
combination of η and η′ would be a faithful density γ with P0,γ(t0 <∞) = 1, a contradiction by item (2)
in Section 3.1. Hence, the case µ > 0 implies that the walk is not absorbing. Therefore,
{ P0←m(ρ) < 1 if Tr(L∗Lρ∞) < 12 ,P0←m(ρ) = 1 if Tr(L∗Lρ∞) ≥ 12 ,
for any density matrix ρ and m ≥ 1.
(2) By Proposition 5.3, ∣u2⟩ is also an eigenvector of L and R, which implies that (L,R) is a diagonal
coin with respect to basis {∣u1⟩, ∣u2⟩}. By Lemma 6.2, we have:
Tr(L∗Lσ1) ≥ 1
2
⇔ P0←m(σ1) = 1, m ≥ 1,
Tr(L∗Lσ2) ≥ 1
2
⇔ P0←m(σ2) = 1, m ≥ 1.
For ρ = ∑1≤i,j≤2 ρij ∣ui⟩⟨uj ∣, we can write
P0←m(ρ) = ρ11P0←m(σ1) + ρ12P0←m(∣u1⟩⟨u2∣) + ρ21P0←m(∣u2⟩⟨u1∣) + ρ22P0←m(σ2)= ρ11P0←m(σ1) + ρ22P0←m(σ2),
the latter equality by Lemma 6.3. Since ρ11 + ρ22 = 1 we have, for every m ≥ 1,(Tr(L∗Lσ1) ≥ 1
2
and Tr(L∗Lσ2) ≥ 1
2
) ⇔ (P0←m(σ1) = 1 and P0←m(σ2) = 1) ⇔ P0←m(ρ) = 1. ◻
7. Examples
Example 7.1 (PQ-matrices). A PQ-channel is a completely positive map which admits a Kraus de-
composition ∑i Vi ⋅ V ∗i such that each Vi is a permutation of a diagonal matrix. We call such matrices
PQ-matrices, see [13].
a) Consider the OQW induced by the diagonal coin (L,R) with
L = ⎡⎢⎢⎢⎢⎣
1√
3
0
0
√
2√
3
⎤⎥⎥⎥⎥⎦ , R =
⎡⎢⎢⎢⎢⎣
√
2√
3
0
0 1√
3
⎤⎥⎥⎥⎥⎦ .
It holds that L and R have e1 = [1 0]T and e2 = [0 1]T as eigenvectors, and a calculation leads to
Tr(L∗Le1) = 1/3 and Tr(L∗Le2) = 2/3. Therefore, the OQW induced by such coin is transient by part 2
of Theorem 5.8. We note that this result can also be derived by using [[13], Thm. 4.6].
b) The authors of [13] have proved a recurrence criterion for homogeneous OQWs on the line with a
coin (L,R) consisting of PQ-matrices, and such that the auxiliary map is unital. With the results of
the present work, site-recurrence of non-unital examples can be easily examined as well: consider the
following variation of item a), given by
L = ⎡⎢⎢⎢⎢⎣
1√
3
0
0
√
2√
3
⎤⎥⎥⎥⎥⎦ , R =
⎡⎢⎢⎢⎢⎣
0 1√
3√
2√
3
0
⎤⎥⎥⎥⎥⎦ .
We have that
ρ∞ = 1
3
⋅ [1 0
0 2
]
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is the unique invariant state of L and Tr(L∗Lρ∞) = 59 > 12 . Therefore, the irreducible OQW induced by
such coin is transient by part 1 of Theorem 5.8. As for absorption, by Theorem 6.1 we have, with respect
to the OQW on the semi-infinite line induced by such coin, that P0←m(ρ) = 1, for any density and m ≥ 1.
c) Consider the coin (L,R) given by:
(7.1) L = ⎡⎢⎢⎢⎢⎣
1√
3
0
0 1√
2
⎤⎥⎥⎥⎥⎦ , R =
⎡⎢⎢⎢⎢⎣
√
2√
3
0
0 1√
2
⎤⎥⎥⎥⎥⎦ .
Let us discuss both recurrence and absorption of a site.
Recurrence: the OQW induced by such coin is transient with respect to density ∣e1⟩⟨e1∣ and it is
recurrent for all densities ρ ≠ ∣e1⟩⟨e1∣. In fact, the canonical vectors ∣e1⟩, ∣e2⟩ are both eigenvectors of R
and L. If we set σ1 = ∣e1⟩⟨e1∣ and σ2 = ∣e2⟩⟨e2∣, we have Tr(L∗Lσ1) = 13 and Tr(L∗Lσ2) = 12 and, by
Theorem 5.8, we obtain the result.
Absorption: we have P0←m(∣e2⟩⟨e2∣) = 1 and P0←m(ρ) < 1 for all densities ρ ≠ ∣e2⟩⟨e2∣. In fact, the
canonical vectors ∣e1⟩, ∣e2⟩ are both eigenvectors of R and L. If we set σ1 = ∣e1⟩⟨e1∣ and σ2 = ∣e2⟩⟨e2∣, we
have Tr(L∗Lσ1) = 13 and Tr(L∗Lσ2) = 12 and, by Theorem 6.4, we are done. ◇
Example 7.2 (Unitary sum coins). Let a, b ∈ C/{0} and
(7.2) L = [a b
0 0
] , R = [ 0 0−b¯ a¯] .
Note that the pair (L,R) is a coin if, and only if, ∣a∣2+∣b∣2 = 1. We have that the OQW induced by such coin
is recurrent, by Theorem 5.8, since the walk is irreducible with ρ∞ = I/2, thus implying Tr(L∗Lρ∞) = 1/2.◇
Example 7.3 (Unbalanced coin). Let
(7.3) L = ⎡⎢⎢⎢⎢⎣
1√
3
1√
2
1√
3
0
⎤⎥⎥⎥⎥⎦ , R = [
1√
3
− 1√
2
0 0
] .
In [12], the authors have proved the positive recurrence of the OQW on the semi-infinite line induced by
such coin via an application of Foster’s Theorem for OQWs. In particular, this implies that the absorption
probability of the origin equals 1. Theorem 6.1 provides a simpler, alternative proof of this fact. Indeed,
the induced OQW is irreducible and we have that
ρ∞ = 1
20
⋅ [ 15 6 +√6
6 +√6 5 ]
is the unique invariant state of the auxiliary map. Then, we have:
(7.4) Tr(L∗Lρ∞) = 29
40
+ √6
10
> 1
2
.
Therefore, for any density ρ and m ≥ 1 we conclude, by Theorem 6.1, that P0←m(ρ) = 1. We also conclude
the transience of the OQW on the line induced by such coin, by Theorem 5.8. ◇
Example 7.4. Let
L = 1√
3
⋅ [1 1
0 1
] , R = 1√
3
⋅ [ 1 0−1 1] .
The homogeneous OQW induced by this coin was described in [1], and in [[7], Sec. 8] its site-recurrence
was proved by studying the spectrum of the Fourier transform of such walk. With the results presented
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in this work, we can obtain a straightforward proof of such recurrence: noting that L and R have no
eigenvectors in common, and that the auxiliary map is unital, we have
Tr(L∗Lρ∞) = 1
2
, ρ∞ = I
2
.
Therefore, with respect to the homogeneous OQW on the line, site recurrence holds with respect to every
density, by Theorem 5.8 and, with respect to the walk on the semi-infinite line, we have that the origin
is absorbing, by Theorem 6.1. ◇
Example 7.5. Consider the class of non-unital coins given by
(7.5) L = ⎡⎢⎢⎢⎢⎣
1√
2
x
0 1√
2
√
1 − 2x2⎤⎥⎥⎥⎥⎦ , R =
⎡⎢⎢⎢⎢⎣
1√
2
−x
0 1√
2
√
1 − 2x2⎤⎥⎥⎥⎥⎦ , 0 < x < 12 .
Then, the OQW induced by (L,R) is recurrent. In fact, we have that ∣e1⟩ is the unique common eigenvector
of L and R, ∣e1⟩⟨e1∣ is the unique invariant density for the auxiliary map and Tr(R∗R∣e1⟩⟨e1∣) = 12 .
Therefore, by Theorem 5.8, we obtain the result. ◇
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